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4.1 Let M be a differentiable manifold and V a connection on M.

(a)

(d)

Show that there exists no (1,2)-type tensor field A on M with the property that, in any
local coordinate system (x!,... 2") on M

k _ 1k

Hint: Check how F,’fj transforms under changes of coordinates.

Show that the torsion T : T'(M) x T'(M) — T'(M) of the connection V, which is defined
by
T(X,Y) = VxY — VyX — [X,Y],

is a tensor field.

Let V be a (possibly) different connection on M. Show that the difference V — V :
(M) x T'(M) — T'(M) is also a tensor field. Deduce that, there exists a (1,2)-type
tensor field A such that, in any given local coordinate system (x!,... z"),

k k Pk
Ay =T = T
where Ffj and ffj are the Christoffel symbols of V and V, respectively.

Show that, if hy,hy € C®°(M), then hV + hyV is again a connection if and only if
hi + hy = 1.

4.2 Let M be a smooth manifold equipped with a connection V. We can extend the connection V

to a map V : T'(M) x Tenf(M) — TenF(M) (where Tenf(M) is the space of tensor fields on
M of type (k,l)) by the requirements that

— V satisfies the Leibniz rule with respect to tensor products, i.e. for all X € I'(M)

Vx(f®g)=Vxf®@g+ f®Vxy,

— V commutes with contractions, i.e.

VX (tI’A) = tI’(VXA)

Show that, in any local coordinate chart (x',... z"), if Ffj are the Christoffel symbols of V
then, for every 1-form w:

(V%W)j = OiW; — Ffjwk

Moreover, for any (k,)-tensor field T

i1..p o i1k i1 rbia...ig, i 1Tk —1b
(Voo T)" ™, g = 0T, AT T A DT 0
_ b 11%2...0% _ _ b 21010k
Fale bja...g1 T Fale Jie-Ji—1b°

Page 1



EPFL- Spring 2025

Series 4

lef.erentlal. Geometry III: N
Riemannian geometry 14 Mar. 2024

4.3 Let M™ be a differentiable manifold.

(a)

Show that, for any X,Y,Z € T'(M):
Lixyv|Z =LxLyZ — LyLxZ.

Show that the above relation also holds when Z is replaced by any tensor field f of type
(k,1), k,l € N. (Hint: Check how Lx behaves on tensor products of the form f1 ® fs.)

Let g be a Riemannian metric on M. We will say that a vector field X € I'(M) is a
Killing field if it generates a flow of isometries for g, i.e. if, for any p € M, the flow map
O (—0,0) x U — M associated to X in a neighborhood U of p satisfies

(D) (go®;) =g forallte (=4,0).
Show that
EXg =0.

Show also that, in any local system of coordinates, the above equation takes the form
gikank + gjkaz‘Xk + 8kgink =0

(Hint: Apply the product rule on the expression X(g(Y,Z)) = Lx(g(Y,Z)) for suitably
chosen vector fields Y, Z.)

Show that the space K of Killing fields on (M, g) is closed under commutation, i.e. that
[X,Y] e Kif X,Y € K; thus, K forms a Lie subalgebra of I'(M).

We will later prove in class that if there exists a point p € M and a local system of
coordinates around p such that X|, = 0 and 9;X7|, = 0 for all 4,5 = 1,...,n, then X
vanishes everywhere on the connected component of M containing p. Using this fact, can
you show that on a connected Riemannian manifold (M, ¢) the dimension of K is at most

W? Can you find a basis for the Killing algebra K on (R™, gg)?

4.4 Let X,Y be two smooth vector fields on a 2-dimensional manifold M such that

X,Y] =0

and let p € M such that X|,,Y|, are not collinear. In this exercise, we will show that there
exists a local system of coordinates (y', y?) around p so that X = 8%1, Y = 8%2.

(a) Show that if ¢/ is a neighborhood of p and ® : (—§,0) XU — M is the flow map associated

to X, then, for any ¢t € (—0,9) and ¢ € U:

d®_y(Yla,(q) =Y,
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(a) Let v : I — M be an integral curve of the vector field Y such that (0) = p. Consider
the map ¥ : Q C R? — M defined in a neighborhood € of 0 defined by the relation

U(t,s) = y(v(s)).

Show that VU is a diffeomorphism on its image when restricted to a small neighborhood of
0. Show also that in the coordinate system associated to the chart U1

0 0
X=5m0 Y=oz
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